Atomic microwave clocks based on hyperfine transitions, such as the caesium standard, tick with a frequency that is proportional to the magnetic moment of the nucleus. This magnetic moment varies strongly between isotopes of the same atom, while all atomic electron parameters remain the same. Therefore the comparison of two microwave clocks based on different isotopes of the same atom can be used to constrain variation of fundamental constants. In this paper we calculate the neutron and proton contributions to the nuclear magnetic moments, as well as their sensitivity to any potential quark mass variation, in a number of isotopes of experimental interest including 201,199 Hg and 87,85 Rb, where experiments are underway. We also include a brief treatment of the dependence of the hyperfine transitions to variation in nuclear radius, which in turn is proportional to any change in quark mass. Our calculations of expectation-values of proton and neutron spin in nuclei are also needed to interpret measurements of violations of fundamental symmetries.
I. INTRODUCTION
Studies investigating possible space-time variation of the fundamental constants of particle physics have been given additional motivation in recent years by indications of variation of the fine-structure constant, α = e 2 / c, in quasar absorption systems [1] [2] [3] . Such a variation could be confirmed using complementary astrophysical [4] and laboratory [5] studies, but so far all laboratory studies have shown results consistent with zero variation (see, e.g. the reviews [6, 7] ).
Theoretical models that attempt to unify the forces of the Standard Model (electroweak and strong nuclear) with gravity consistently predict that a variation in α would be related to a variation in the quantum chromodynamics (QCD) scale and the Higgs field. Such variations could be measured as a change in the dimensionless ratio m q /Λ QCD , where m q is the light quark mass (formally the average of the up and down quark masses, m q = (m u + m d )/2) and Λ QCD is the quantum chromodynamics constant (which shows the position of the pole in the running strong coupling constant). The variation of m q /Λ QCD has been estimated to be as great as 35 times that of α, and consequently may be more suitable for investigation (see, e.g. [8] [9] [10] [11] [12] ).
Measuring a change in m q /Λ QCD directly is not possible, so some effort must be made to calculate the relationship between variation in quark mass and that of an observable quantity. The dependence of proton and neutron magnetic moments on m q /Λ QCD has previously been calculated [13, 14] . These calculations in turn can be used to obtain the sensitivity of nuclear magnetic moments, µ, to variations in m q /Λ QCD [15] . Nuclear magnetic moments can be probed by the hyperfine structure of atomic clocks, which form the reference transition in clocks such as the caesium frequency standard.
By comparing the hyperfine frequencies of isotopes of the same atom, a stringent limit can be placed on variations in m q /Λ QCD . The comparison is insensitive to α-variation since this dependence comes only from the electronic structure, which is common to both. For the same reason, difference measurements between isotopes of the same ion have strongly reduced sensitivity to pressure shifts, second-order Zeeman shifts, and second-order Doppler shifts [16] . Experiments currently underway include comparison of 201 Hg and 199 Hg clocks [16, 17] , and 87 Rb versus 85 Rb clocks [18] ; for limits from other microwave clock experiments see the review [19] . Other candidate isotopes are also considered in this paper. In this work we assume that Λ QCD is constant, calculating the dependence on the small parameter m q . This is not an approximation: rather it means that we measure m q in units of Λ QCD . Therefore δm q /m q should be understood as a relative change in m q /Λ QCD .
In this work we have two aims. First, we find expectation values of proton and neutron spin for isotopes of nuclei of experimental interest. These are needed in order to calculate nuclear electric dipole moments (EDMs)
due to proton and neutron EDMs (d p and d n , respectively). Here I is the nuclear spin and s p = s n = 1/2. Similarly we may calculate constants of the parity nonconserving (PNC) nuclear-spin-dependent interaction between electrons and the nucleus (see, e.g. [20, 21] ) using
where s = s z for the maximal projection I z = I; we omit the subscript z for brevity. Values of s p and s n are presented for many nuclei of experimental interest in Tables I and II . In these tables the "BI" column represents our preferred value, while the difference between BI and BII gives an indication of the uncertainty in the calculation.
Our second aim is to use these expectation values to calculate the sensitivity of the nuclear magnetic moment to variation of quark mass, denoted κ. We then improve our estimates of κ by including the variation in proton and neutron-spin expectation values induced by quark mass variation, as well as nuclear radius effects. Results for nuclei of experimental interest are presented in Table III. We identify potential candidate nuclei for experimental study where there is high sensitivity to quarkmass variation and good stability of calculations across the various theoretical models.
II. NUCLEAR MAGNETIC MOMENT
The first step in our calculations is to disentangle the proton and neutron contributions to the nuclear magnetic moment (in units of the nuclear magneton µ N = e /2m N ):
where s p and s n are the expectation values of the total proton and neutron spins, while l p is the orbital angular momentum of an unpaired valence proton (if there is one). In this paper we treat the case where the nucleus has either one valence neutron or one valence proton: because of nuclear pairing even-even nuclei have no spin (and hence no magnetic moment), while odd-odd nuclei are often unstable (of course with many exceptions) and tend not to be used in microwave clocks. We begin by considering the contribution of the valence nucleon alone.
Model A
Assuming all other nucleons in the nucleus are paired and ignoring polarization of the core (which will be considered in model B), the spin I, and hence magnetic moment of the nucleus, is entirely due to the total angular momentum of that external nucleon: I = j = l + s. One obtains the standard Schmidt formula for the magnetic moment:
The gyromagnetic factors are g l = 1, g s = g p = 5.586 for a valence proton and g l = 0, g s = g n = −3.826 for a valence neutron. It is these Schmidt values for s p and s n that are presented as the model A results in Tables I  and II. Because light-quark masses are small, the g-factors are sensitive to m q /Λ QCD mainly via π-meson loop corrections to the nuclear magnetic moments, which are proportional to π-meson mass m π ∼ m q Λ QCD [13] . Because m π = 140 MeV, the quark-mass contribution can be significant even in the chiral limit m q = 0. Full details are given in [13] (see also [14] ); the final results are
where variations in m q and m s (strange quark mass) are considered separately. Note that the g-factors are far more sensitive to m q than m s . If one assumes the quarkmasses as proportional to the vacuum expectation value of the Higgs field, then δm q /m q should be approximately equal to δm s /m s . The total variation δg/g would then be the sum of the variations in m q and m s .
In is convenient at this stage to define parameters K p and K n by
where, according to (3),
For example, for a valence proton, model A gives
Eq. (7) shows the connection between the spin expectation value and sensitivity to variation of fundamental constants.
Combining Eqs. (6) and (7) one may obtain the sensitivity of the magnetic moment µ to variation in light and strange quark masses for any nucleus with a single valence nucleon (more details may be found in [15] ). The result is characterized by the sensitivity coefficients κ q and κ s , defined by
where
In this paper we are interested in finding large differences in κ = κ q + κ s between different isotopes of the same nucleus. With this in mind, we present in Table III the κ obtained using model A, via Eq. (5), for all isotopes of atoms commonly used in microwave clocks. We defer discussion of the results to Section IV.
Model B
The shell model of the previous section is known to overestimate the magnetic moment determined from experiment. This can be understood as polarisation of the non-valence nucleons which acts to reduce the magnetic moment. Using the experimental value of the magnetic moment we can estimate this core polarisation, and thus improve our estimates for s p and s n . There are many ways to enact a reduction in magnetic moment from the Schmidt value µ 0 to the experimental value µ. The most efficient means is to assume that the spin-spin interaction transfers spin from the valence proton (neutron) to core neutrons (protons):
where s n 0 and s p 0 are the Schmidt values from model A (one will necessarily be zero). The denominator g p − g n = 9.412 is a large number, so the required change in s p and s n to obtain the experimental µ is minimal. The transferred spin goes from contributing with a gyromagnetic factor of g p = +5.586 to g n = −3.826.
Of course nature may proceed in an entirely different fashion, for example by transferring spin of a valence proton to its orbital angular momentum, or in a rather more unlikely fashion by transferring valence proton spin to neutron orbital momentum. Even under extreme scenarios, it was shown in [15] that the difference in the correction to the m q -dependence varied by less than 10%. This stability of the final result to the assumptions enables us to ignore the detailed nuclear forces and use "heuristic" fitting of µ to obtain values of s p and s n .
The preferred method of fitting µ in [15] is to assume that the total z-projection of proton and neutron angular momenta, j pz and j nz , are separately conserved, and that total spin and orbital angular momenta z-projections, s p + s n and l p + l n , are also separately conserved (corresponding to neglect of the spin-orbit interaction). The final result gives values somewhere in between those of the "extreme" assumptions. Then
where j pz = I for valence proton and is zero for a valence neutron and s z 0 is the Schmidt value for the spin of the valence nucleon (5) . Manipulation of these expres-sions with (3) gives
These neutron and proton spins are presented for isotopes of elements used (or proposed) in microwave clocks as the BI column of Tables I and II. The "minimal change" model (10) is presented as the BII column, and serves to indicate the expected uncertainty in our calculation. Sensitivity coefficients κ calculated using values of s p and s n given by (11) (corresponding to model BI) are given in the model B column of Table III .
Model C
To calculate the expectation values s p and s n , model B is the best we can do without venturing into highly model-dependent and complex nuclear calculations. However, we should also estimate how these spin expectation values will change under a variation of quark mass, and include this in our calculation of κ q . Under the assumption of conservation of nuclear spin (model B), we may define a parameter b in the case of a valence proton by
The coefficient b is determined by the spin-spin interaction and is estimated in model B by (11) . In the case of a valence neutron, we should define the small parameter b by s n = (1 − b) s z 0 instead of (12) . Under a variation of m q , the parameter b will change according to
Full details are presented in [15] . Briefly, the spin-orbit splitting remains finite in the chiral limit, and so it only has a weak dependence on m q /Λ QCD . The spin-spin interaction is calculated in perturbation theory (to leading order) under the assumption that the major dependence comes from π-meson exchange (1/3 of the spin-spin interaction) and ρ-meson exchange (the remaining 2/3). If one instead assumes that the spin-spin interaction is dominated entirely by π-meson exchange, the coefficient in (13), −0.17, is not too different. We include the effect of variation of spin expectation values on magnetic moment by generalising our previous formula (7) to obtain
For a valence proton:
while for a valence neutron:
The final sensitivity of our magnetic moment on m q is given in model C by
Calculations of κ according to model C are presented in Table III along with results of the other two methods.
III. HYPERFINE TRANSITIONS
To date, the most accurate probe of variation of fundamental constants in the laboratory comes from atomic clocks. Microwave clocks based on the hyperfine interaction, such as the caesium fountain from which the SI time unit is defined, have achieved precision at parts in 10
15
at several laboratories worldwide. To find the sensitivity of such clocks to potential variation of fundamental constants, we start with the Hamiltonian of the hyperfine transition which can be expressed as
where I and J are the nuclear and electron angular momenta, respectively. The A coefficient can be expressed as
where δ h (r n , Zα) is the small effect of finite nuclear radius r n [23] and F rel (Zα) is the effect of relativistic corrections to the electron wavefunction at the nucleus. When comparing hyperfine transitions of two different nuclei, sensitivity to variation of fundamental constants will arise due to differences in µ, F rel , and δ h . F rel and δ h are sensitive to details of the electron wavefunction, but are almost identical for different isotopes of the same element. Nevertheless, when comparing hyperfine transitions across different elements F rel and δ h may be included along with µ. δ h and µ are mostly sensitive to quark mass, while F rel is sensitive to variation in the value of α. Therefore the effect of variation of these fundamental constants on a hyperfine transition frequency ω (when measured against another hyperfine frequency) can be expressed
Here K rel and k hq represent sensitivities of ω to F rel and δ h , respectively.
TABLE III. Summary of magnetic moment sensitivity to quark-mass variation, κ = κq + κs. Columns A, B and C refer to the different methods as described in Section II: model C is the best value, while the difference between B and C gives an indication of the theoretical uncertainty. The difference in κ values for different isotopes of a particular element (relative to the first isotope) are given for models B and C. The isotope entries are given in order of half-life length, beginning with stable isotopes.
Atom J For hyperfine transitions of s-wave electrons the following formulae may be used:
where γ = 1 − (Zα) 2 and Comparison with numerical calculations shows that Eq. (21) tends to underestimate the α-dependence by a small amount (less than ∼ 15%), while (23) includes a fitting parameter to the calculations that makes it accurate to within a few percent for all tested ions. In Table IV we present the results of previous numerical calculations of K rel [15] and k hq [23] . In the case where the microwave clock is based on hyperfine splitting of a p-wave electron, such as proposed Al and Ga clocks, both corrections may be neglected.
IV. DISCUSSION
Using Table III we may identify good isotopes for microwave clock studies of variation of fundamental constants. The largest difference within a single element, δC in the table, is seen in ytterbium. Comparison of clocks based on hyperfine transitions in 161 Yb and 169 Yb should yield a relative sensitivity of δκ = 0.924. However one should be cautious here. Because the valence nucleon is a neutron, the lowest order result (model A) is zero. The entire effect comes from the contribution of polarisation of the core protons (model B) and changes of this polarisation due to quark mass variation (model C). Thus, despite the apparent stability of (13) as described earlier, the strong change in sensitivity κ between models B and C should be treated with caution.
The same argument suggests caution in interpretation of the 201 Hg -199 Hg comparison [16] . The sensitivity factor of κ q = 0.24 predicted by model C represents a large departure from the model B value of 0.006. A more satisfactory result from this perspective is obtained from the 87 Rb -85 Rb clock comparison, where models B and C give κ = −0.16 and −0.08, respectively. The variation between the models is not so strong, yet the final sensitivity factor, κ = −0.08, is still reasonably large.
We have also included a number of comparisons between isotopes of different atoms in Table V . δκ defines the sensitivity of a ratio, ω 1 /ω 2 , of hyperfine transition frequencies of two isotopes to variation of quark mass:
These comparisons exhibit strong sensitivity as well as stability across the models. Once again, model C represents our most complete calculation, while the difference between B and C gives an indication of the theoretical uncertainty. The final result includes the contribution of nuclear radius, δκ = δC + δk hq . 
